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Abstract 

In this paper we construct a family of complex structures on a complex flag manifold 
that converge to the real polarization coming from the Gelfand-Cetlin integrable system, 
in the sense that holomorphic sections of a prequantum line bundle converge to delta- 
function sections supported on the Bohr-Sommerfeld fibers. Our construction is based 
on a toric degeneration of flag varieties and a deformation of Kahler structure on toric 
varieties by symplectic potentials. 

1 Introduction 

Let (M, w) be a 2n-dimensional symplectic manifold. A prequantum line bundle (L,ft,, V) 
is a complex line bundle L on M with a Hermitian metric h and a Hermitian connection 
V, whose curvature equals —27r\/—luj. Geometric quantization is a procedure to assign 
a certain vector space, which is called a quantum Hilbert space, to (M, w). To perform a 
geometric quantization procedure, we must choose a polarization, which is an integrable 
Lagrangian subbundle of the (complexification of the) tangent bundle TM of M. Then 
the quantum Hilbert space for a polarization P is naively a subspace of (a certain 

completion of) the space of sections of L, consisting of covariantly constant sections along 
the polarization P. 

The most common example of a polarization comes from an integrable complex structure 
J on M such that (M, w, J) is a Kahler manifold. In this case the anti-holomorphic tangent 
bundle Pj = T^'^M is a polarization, which we call a Kahler polarization. The quantum 
Hilbert space 'H{Pj) is the space of holomorphic sections H^{L,d ) with respect to the 
natural holomorphic structure d on L induced by J. 

Another type of polarization, called a real polarization, is given by a foliation of M into 
Lagrangian submanifolds. A completely integrable system fj,: M ^ (which is assumed 
to be proper) defines a singular real polarization P^, where {Pfj.)x is the tangent space of 
the fiber of ^ at each point x G M. We set BS{n) = {p £ n{M) \ F°((L, /i, V)|^-i(p)) 7^ 0}, 
where HO{{L,h,V)\^-^p^) = {s e r((L, /i, V)|^-i(p)) | Vs = 0}. Namely p £ BS{^i) if 
and only if fj-^^{p) is a Bohr-Sommerfeld fiber. Then the quantum Hilbert space ^{P^) is 
defined to be ®p^BSip)H%{L,KV)\^-,^^)) [S]. 

From the point of view of physics, the quantum Hilbert space should be independent of 
the choice of polarization. In particular, although Kahler and real polarizations seem to be 
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quite different, the quantum Hilbert space for a Kahler polarization should be isomorphic to 
the one for a real polarization. There are several examples where this principle is observed 
to be true. A non-singular projective toric variety has a natural Kahler structure, and its 
moment map for the torus action induces a (singular) real polarization. It is well known 
that the dimension of the space of holomorphic sections of the prequantum line bundle is 
the number of lattice points in the image of the moment map, which is also the number of 
Bohr-Sommerfeld fibers in the variety. This implies that the principle holds in this case. In 
|JWj Jeffrey- Weitsman showed that the principle also holds in the case of the moduli space 
of flat connections over a compact Riemann surface. 

A flag manifold with an integral symplectic structure has a singular real polarization 
defined by the Gelfand-Cetlin system, which was introduced by Guillemin-Sternberg in [GS|. 
as well as a natural Kahler polarization since it is a complex manifold. In [GSj the authors 
studied the quantization of flag manifolds, and showed that the two polarizations give rise 
to quantizations with the same dimensions. However, their proof did not give any sort 
of direct relationship between the quantizations; rather, they computed the dimensions of 
the quantizations by other means (representation-theoretical and combinatoric) and showed 
they are equal. 

One way of approaching the principle of independence of polarization is the following, 
considered by Baier, Florentino, Mourao and Nunes in [BFMN] . Fix a Kahler polarization 
Pj and a real polarization on (M, oj) respectively. Then the principle can be understood 
naturally if there is a family {Pjs}s&[o,oo) of Kahler polarizations on M with Pj^ = Pj 
which converges to P^ in the sense that there exists a basis {(^T^m^BSiPf^) of TiiPjJ for 
each s G [0, oo) such that, for each m G BS{P^), cr™ converges to a delta-function section 
supported on the Bohr-Sommerfeld fiber jj,~^{m) as s goes to oo. In [BFMN| . the authors 
carried out such a construction in the case of a non-singular projective toric variety by 
changing symplectic potentials, an important notion in the deformation theory of toric 
Kahler structures due to Guillemin [Gull IGu2] and Abreu |Abll IAb2| . 

In this paper we construct a family of Kahler polarizations on a flag manifold that 
converge to the real polarization coming from the Gelfand-Cetlin system. See Theorem 12.11 
for details. In doing so, we provide a direct relationship between the two quantizations. 
Our construction is based on the construction due to |BFMN| and the toric degeneration 
of a flag variety due to Kogan and Miller |KMj . Originally, a toric degeneration of a flag 
variety was constructed in terms of representation theory \GL\ [C] . Later Kogan and Miller 
introduced deformed actions of a Borel subgroup on the space of matrices and described a 
toric degeneration of a flag variety explicitly. Moreover, they constructed a "degeneration 
in stages" of a flag variety to study the geometric meaning of the Gelfand-Cetlin basis of 
the irreducible representation of the unitary group. In |NNU] Nishinou, Nohara and Ueda 
pointed out that through the degeneration in stages one can identify the Gelfand-Cetlin 
system on the flag manifold with the integrable system on the limiting toric variety. 

Our construction of a family of Kahler polarizations on a flag manifold proceeds as 
follows. We start from a flag manifold Fin embedded in the product of projective spaces 
P = Yli^i „_^P(/\'C"). For each (ai, . . . , a„_i) E (Z>o)"~^ we fix a prequantum line 
bundle on F inducing a natural symplectic structure on Fin- The toric degeneration of 
the flag variety Fin due to |KM| is a family of complex subvarieties {Vt}t(=c in P, where 
Vi = Fin and Vq is a toric variety. Since all Vt are diffeomorphic to each other for t ^ 0, 
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the family {14}(-^q can be considered as a family of Kaliler structures on the flag manifold 
Fin- On the other hand, there is a family of toric Kahler structures {Vo,s}sg[o,oo) on Vq with 
^,0 = Vo, as considered in [BFMNj (explained above). If we could identify Fin with Vo,s as 
a symplectic manifold, we could pull back the complex structures on Vo,s to Fin- However, 
the toric variety Vq is not diffeomorphic to the flag manifold Fin- 

Instead, we consider a space Vt that is an approximation to Vq that is still diffeomorphic 
to the flag manifold Fin- We show that the deformation {Vo,s}sg[o,oo) can be realized as the 
restriction of a deformation of the ambient toric variety P. The deformation of the ambient 
space induces a family of Kahler structures {Vi_s}se[o,oo) on Vt with Vt^ = Vt for each t £ C- 
We develop a method to identify Vt,s with Vt^ = as a symplectic manifold. Moreover, 
we identify Fin with Vt as a symplectic manifold by using the gradient-Hamiltonian flow 
(a notion that is due to Ruan [R]) along a path that is an approximation of the path for 
degeneration in stages. Hence we can pull the complex structure of Vt^s back to Fin- We 
also lift this identification to the prequantum line bundle in order to pull back holomorphic 
sections. Thus we have a family of complex structures on the flag manifold with a fixed 
symplectic structure and a family of sections of the prequantum line bundle on the flag 
manifold, which are holomorphic with respect to the corresponding complex structure. 
Moreover, we give a precise estimate of these holomorphic sections, which allows us to 
prove that the holomorphic sections converge to delta-function sections supported on the 
Bohr-Sommerfeld fibers if we perform these two types of deformations simultaneously in an 
appropriate way. 

The content of this paper is organized as follows. In Section 2 we state our main result. 
We review the results on a toric degeneration of a flag variety in Section 3. Then we 
recall the gradient-Hamiltonian flow and construct its lift to the line bundle in Section 
4. In Section 5 we review toric Kahler structures of toric manifolds, in particular, their 
deformation due to [BFMN ]. In Section 6 we develop a method to identify submanifolds 
under the deformation of toric Kahler structures of the ambient toric manifolds. We also 
give an estimate of the change of holomorphic sections under this deformation. In Section 7 
we prove the main result, constructing a family of complex structures on the flag manifold, 
and proving that holomorphic sections converge to delta-function sections supported on 
Bohr-Sommerfeld fibers. 

The first named author is supported by the JSPS Postdoctoral Fellowship for Foreign 
Researchers. The second named author is supported by the JSPS Grant-in- Aid for Scientific 
Research (C), No. 19540067. The authors would like to thank Y.Nohara for discussions. 

2 Main results 

Let GLn and B be the general linear group and its Borel subgroup consisting of upper 
triangular matrices with C-coefficient respectively. The flag manifold is defined to be a 
complex manifold Fin = GLn/B- Let A„ be the set of increasing indexes I = {ii < ■ ■ ■ < ii) 
with 1 < < n. For I = {ii < ■ ■ ■ < ii) € An and V = {vij) G GLn we set |/| = / and 
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Then the Plucker embedding 



1=1 

is defined by \V] i— )• |I| = 1], . . . , [piiV)] \I\ = n — 1]), where [x/; |/| = /] is the 

homogeneous coordinate of P(A' C"). Since the left J7(ra)-action on M„(C) commutes with 
the right i?-action on M„(C), U{n) acts on Fl^ from the left. 

Next we define a holomorphic line bundle on Fl^ and a Hermitian connection on it. Let 
Hi be the hyperplane bundle on ]P(/\' C"). It has a natural Hermitian metric hi such that 
^^^^y^ = w;, where R^^ is the curvature of the Chern connection V; for the Hermitian 
metric hi, and oJi G 172(P(/\' C")) is the Fubini-Study form. Let vr, : P ^ P(A'C") be the 
projection. Fix a = (ai, . . . ,0^-1) G (Z>o)"'~^. Then we define a Kahler form lo^ and a 
prequantum line bundle [L^, hF , V^) on P by 

n—l n—1 

ojr = Y,ain*iUi G {L^,h\V^) = l^7Tt{Hi,hiyf^' . 

1=1 1=1 

Then V''" is the Chern connection of {L^, h^) and satisfies ^-R^' = wp. We set {L^^" ,h^^" = 
P*{LF ,hF ,^^), that is, L^'" is a holomorphic line bundle on Fin with a Hermitian metric 
/i^'" and the Chern connection V^'" whose first Chern form is The f7(n)-action on 

Fin preserves p*ujf with a moment map : F/^ — )■ u(n)*. 

Next we recall a certain completely integrable system on Fin- Consider U{1) for / = 

1, . . . ,n — 1 as a subgroup of U{n) defined by U{1) = {( G ?7(n)}, where 

\(^n-l,l Fn^i ) 

Oi^n-i G Mi^n-iiC) and 0„_i,i G Mn-i,i{C) are the zero matrices, G M„„/(C) is the 

unit element, and A G M/(C). Let u(n)* — )• u(/)* be the dual map of the inclusion 
Li : u{l) — u(n). Define a map X{ : u{l) R such that XjiA) > ■ ■ ■ > X^A) are eigenvalues 
of —\/—lA for A G u(/). We identify u(Z) with u(/)* by the invariant inner product. In |GSj 
Guillemin and Sternberg proved that 

AiGC = (A/ o o /xc7(„) ; 1 < Z < n - 1, 1 < i < /) : ^ M'^ 

is a completely integrable system, where d = ^ dim^ Fin = "^"2 ■ '^^^ completely inte- 
grable system pcc- P^n — ^ '^'^ and its image Ace* = I^Gc{P^n) C M'' are called the Gelfand- 
Cetlin system and the Gelfand-Cetlin polytope respectively. Note that ficc '■ F^n — ^ 1^°' is 
a continuous map and that it is smooth on /Xg^(IntAG'c'), where IntAGC" is the interior 
of Agc". Moreover, iJ,Q^{m) is a d-dimensional real torus for each m G IntAcc". In [GS| 
Guillemin and Sternberg also proved that, for m G IntAcc" C M'^, the fiber p^{m) is a 
Bohr-Sommerfeld fiber if and only if m G IntAcc" ^ If^ and that the number of the points 
AccTlZ'' coincides with the dimension of the space of holomorphic sections H^{L^^", d 
where d " is the holomorphic structure on L-^'" . Namely the quantum Hilbert space for the 
Kahler polarization on Fin is isomorphic to the one for the real polarization P^qq coming 
from the Gelfand-Cetlin system pcc- 
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In this paper we construct a family of complex structures { Js}se[o,oo) such that 

the family of Kahler polarizations {-Pjs}se[o,oo) converge to the real polarization P^q^ in 
the following sense. 

Theorem 2.1. Let ¥ and Jy be the underlying C°° -manifold and the complex structure of 
Fin respectively. Set = p*ujp G ^^(F) and d = diniRF = ^i^^. Let {L^ be the 
underlying C°° line bundle o/ (L^'", /i^'", V^'"). Then there exists a one parameter family 
o/ { Js}sg[o,oo) of complex structures on F which satisfies the following: 

(1) Js is continuous with respect to the parameter s G [0,oo). 

(2) Jo = Jf 

(3) (F,wf, Js) is a Kahler manifold for each s G [0,oo). 5*0, for each s £ [0, oo), the 
Hermitian line bundle {L^ ,h^ jS/^) induces the holomorphic structure d on LF . 

(4) For each s G [0,oo) there exists a basis {a^ \ m G AccTlZ"'} of the space of holomorphic 

sections H^(L^ ,d ) such that, for each m G IntAccTlZ'^, the section J^.f converges to 

ll'^s IIl1(f) 

a delta-function section supported on the Bohr- Sommerf eld fiber pL^^{m) in the following 
sense: there exist a covariantly constant section of (L'^, /i'^, V'^)|^-i and a measure 

dOm on ji^(j{m) such that, for any smooth section 4> of the dual line bundle {L^)* , the 
following holds 



Remark 2.2. By a similar argument as in the proof of Theorem \2.1\ we can also prove 
that the support of the section converges to ^^^^{m) as s ^ oo for any m G (Ace* \ 
IntAcc) nZ'^. However, we cannot prove that o"™ converges to a delta-function section for 
m G (Ace \ IiitAcc") n Z'^, because we do not yet have a sufficient description of iJ^Q{m). 

3 Toric degeneration of flag varieties 

In |KMj Kogan and Miller constructed a toric degeneration of a flag variety based on a 
deformed Borel action. They also introduced degeneration in stages of a flag variety. In 
this section we review their construction and recall its symplectic geometric aspects due to 
Nishinou, Nohara and Ueda [NNU| . 

3.1 Deformed Borel action and toric degeneration 

First we define the right action • of the product group (GLn)^ on M„(C) by 





( Vi5i\ 








V»g = 




for V = 


: GM„(C) and 5 = (51,. 


.,5n)e(GL„r 













Set Mn{C^) = {{aij) G M„(C) | Oij / for i,j = 1,.. .,n}. Define a map i: M„(C' 
(GL„)" by 

/ / ail O \ / a„i O \ \ 
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Note that i(M„(C^)) is tlie maximal torus of (GLn)^. We also set 











Tgc = < 


i 
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We also define a /c-dimensional algebraic subtorus of Tec by 

4c = {^((oij)) I {a^j) G M„(C^), i = k + 1 and j < if a^j / 1}. 
Then we have 

Next we define the deformed Borel action as follows. For t E we define £ M„(C^) 

by 

/: (3.1) 

it ^ < J- 

In the above {t^\j is the (i, j)-component of G M„(C^). Then we define the deformed 
action of B on Mn(C) by 

y.,& = F.{,(t-)(6,...,6)(.(r ))-!}, 

where i{t^), (6, . . . , 6), ;,(t^)-i G (Gi.„)". 

Let C[fjj I 1 < ^, j < n] be the coordinate ring of M„(C). Let U C B the subgroup 
consisting of the matrices with I's on the diagonals. Then the ring of [/-invariant functions 
C[vij I 1 < i,j < n]^ for the deformed action of U is generated by the deformed Plucker 
coordinates 

{qi{v,t) = diin-^piiv . I / G A„}, where di{n = ll{n^,k. 

k=l 

Prom the definition of a; G Mn{1j) we see that qi{V,t) is a polynomial of Vij (1 < i,j < n) 
and t. Moreover, the deformed action can be naturally extended to the case t = 0. 
Thus we have a quotient Fln{t) = Mn{C)//tB for all t G C, where the right hand side is a 
GIT quotient by the deformed action •t. We also have a family /: (M„(C) x C)//B — t- C 
with f~^{t) = Fln(t). Fln{l) is nothing but the flag variety Fin- Note that each Fln{t) 
is embedded in P by the deformed Plucker embedding pt: Fln{t) — )• P, which is defined 
by [V] I—)- {[qi{V,t); \I\ = 1], . . . , [qi{V,t); \I\ = n — 1]) as in the case of the usual Plucker 
embedding. In [KM] Kogan and Miller proved the following, based on the argument in 

m- 

Proposition 3.1. (1) The family f : (M„(C) x C)//B ^ C is flat. 

(2) Fln{t) is biholomorphic to Fin for any t G C^. Moreover, F/„(0) is a toric variety on 
which the torus Tqc ^cts with an open dense orbit. 
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Let us give a few remarks about Proposition 13.11 Note that, if we set 

GLn{t) = {V £ M„(C) I V • G GL„}, 

then we have Fln{t) = GLn{t) / tB for t G C^, where the right hand side is a geometric 
quotient of GLn{t) by the deformed action •t of the Borel subgroup B. So we see that 
Fln{t) is biholomorphic to Fin for any t G C^. Moreover, since the action •g on M„(C) 
for g G Tgc commutes with the action •06 on M„(C) for b £ B, the torus Tqc acts on 
F/„(0) = M„(C)//o-B. Thus the family /: (M„(C) x C)//B C can be viewed as a toric 
degeneration of a flag variety. The existence of a toric degeneration of a flag variety is 
originally proved in [GH IC] in terms of representation theory. 

3.2 Degeneration in stages 

To relate the ?7(n)-action on Fin = Fln{l) with the TGc-action on FZ„(0), Kogan and 
Miller introduced degeneration in stages as follows. For r = (t2,...,in) G (C^)"~^ we 
define G M„(C^) by 

{T^)ij = t^^\ where ti = 1 and ijJij is given in p.ip . 

In the above {T^)ij is the (i, j)-component of G M„(C^). Then we define the deformed 
action of B on M„(C) by 

V.rb = V.{LiTnib,...,bMnr'}- 

Thus we have Flnij) = AIn{C)//rB for r G (C^)"~^ in the same way as in Subsection 13. li 
We note that Fln^r) is also embedded in P by the deformed Pliicker relations as Fln{t). 
Set 

tI = t,^^^^^ G C"-^ for t G [0, 1] and A; = 1, . . . , n - 1. 

n—l—k k—l 

It is easy to see that Fln{T^) = Mn{C)//^tB is well-defined. Note that Fln{T^) has sin- 
gularities if = Ti OT k > 2. We call the family {-F'^n(''"fc)}ie[o,i] the k-th stage of the 
degeneration. Note that 

;7(n - A: + 1) X T^J^^ x • • • x T^j''^^^ acts on Flnir^), 

U{n -k)x T^^^^ X • • • X T^~''^^^ acts on FZ„(t^) for t G (0, 1), 

U{n -k)x T^"^ X • • • X T^c''^ acts on Fln{4). 

Kogan and Miller considered the following degeneration in stages: 

Fin = Flnirl) ^ Flnir^) = Fln{Tl) ^ . . . 

Flnirl) '-^ Flnirl) . . . ^ FUr^) = F/„(0). 

In |NNUj Nishinou, Nohara and Ueda clarified the relation between the Gelfand-Cetlin 
system on the flag variety Fin and the completely integrable system on FlniO) coming 
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from its toric structure as follows. The smooth part Fln{Tj;,Y'^^ of Fl^iTj^) has a symplec- 
tic structure i*t^jJF, where l t : FlnirlY^^ — )• P is the deformed Pliicker embedding. Let 

IJ-U(n-k) ■ P^niTkY^^ u(n — k) be the moment map for U{n — /c)-action on Flnirly^^ for 
t G [0, 1], where u(n — A;) is identified with u(n — k)* by the invariant inner product. Define 
a map A:^_^ : u(n — /c) — ^ M such that A^_^(^) > • • • > A^I^(A) are eigenvalues of —^/^A 
for A G u(n — /c) as in Section [2j Then, in |NNUj . the authors proved the following. 

Proposition 3.2. There exist an open dense subset Fln{Tl)° C FlniT^Y^^ and a symplectic 
diffeomorphism y?^^'*^ : Flnirj^Y — )■ Fln{T^^Y for each k = 1, . . . ,n — 1, t £ [0,1] and 
< t2 < ti < 1 which satisfy the following: 

(1) FlnirlY = /^GcClntAcc) C Fir, holds. 

(2) y?^'* is the identity map for any t G [0,1]. Moreover, 9?^^'*^ o 9?^^'*^ = V?^^'*^ holds for 
<t3 <t2 <ti <1. 

(3) Under the identification of FlniT^Y for all t £ [0, 1] by the map 'f^'^^, the moment map 
for U{n — k) x Tqq x • • • x Tq^, ''^^^ -action on Fln{T^Y ^-^ independent of t £ (0, 1]. 

(4) (A^_^ o fiu{n-k) I ^ ^ j ^ n — k) : Fln{T^Y ~^ M*^"^ coincides with the moment map for 
the Tq^, ''^-action on Fln{T^Y ■ 

The diffeomorphism ip^^'^^ : Fln{T^}Y ^ Flnirl^T is constructed by using the gradient- 
Hamiltonian flow due to Ruan [Rj, which is explained in the next section. The moment map 
for U{n — k) X t'q^ x • • • x Tq^ '^"''^^-action on FlnirlY induces the completely integrable 
system on Fln{Tj^° in the same way as in the case of the Gelfand-Cetlin system. Proposition 
13.21 implies the completely integrable system on FZ„(r^)° for t G [0, 1] and \ < k < n — \ 
remains the same during the degeneration in stages. 

Due to Proposition 13. 2[ we have a diffeomorphism 

^0 = ° '/'n-2 ° • • • ° Fin ^ FUOT- (3.2) 

where = FlnirlY and F/„(0)° = FZ„(rO_i)°. Then Nishinou, Nohara and Ueda proved 
the following. 

n(n — 1) 

Corollary 3.3. Let ficc '■ F^n — ^ ^ ^ be the Gelfand-Cetlin system. Let ^Tqc '■ Fln{0) — ^ 
{iccY be the moment map for the action of Tqc on Fln{0). Then there is a linear iso- 

n(n — 1) 

morphism i: M 2 — ). (tec)* such that i o jj^gc = I^Tgc ° ^0 ■ Fl'^ — )• (tec)* Ii^- particular, 
FlniOy = //^^^(IntAcc) C Fln{0) holds. 

Therefore the authors concluded that F/„(0) is a toric variety constructed from the 
Gelfand-Cetlin polytope Aqq- This fact is originally proved in [KMJ in a different way. 
So Fln{0) is called a Gelfand-Cetlin toric variety. Moreover, the Gelfand-Cetlin polytope 
^GC can be considered naturally as a subset of [iccY- From now on we consider the 
Gelfand-Cetlin system to be the map fJ-aC- Fin (tec)*- 

4 Gradient-Hamiltonian flow 

Let {M,u},J) be a Kahler manifold. Let /: M — )■ C be a holomorphic function. Set 
B = f{M) and Vc = f~^{c) for c £ B. Denote the inclusion map of by ^ — ^ 
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Then we have a family of symplectic manifolds {{Vc, p*uj)}c£Brea '^here B^eg is the set of 
regular values of /. To identify these symplectic manifolds, Ruan introduced the gradient- 
Hamiltonian flow in [R] . In this section we recall the gradient-Hamiltonian flow and its basic 
properties. We also discuss the lift of the gradient-Hamiltonian flow to the prequantum line 
bundle. 

By simple computations we see that the following. 

Lemma 4.1. Let (M, w, J) be a Kdhler manifold. Let ?R.f and 9/ be the real and imag- 
inary part of the holomorphic function /: Af — t- C respectively. Let Xo^f £ X(M) be the 
Hamiltonian vector field of the function 9/. Then the following holds: 

Xc^f = -grad(K/), that is, i(-grad(3?/))a; = 

In particular, X<^f = — grad(3?/) is non-zero at a regular point of f . 

Suppose that / is proper and that each point in M is a regular point of /. Then we 
have the following vector field 

|grad(5}?/)P l^s/P 

It is easy to see that 

= -1, = on M. 

Since /: M — )• i? is proper, for any c £ B there exists Ec > such that the flow {^pt}t 
generated by the vector field Z £ X{M) induces a diffeomorphism ft\vc- — ^ ^c-t for 
t G (— ec,ec). In [R] Ruan found the following remarkable property. 

Proposition 4.2. (99t|yJ*(/)*_jw) = p*u} for t G {-ec,ec). 

We call Z € X{M) the gradient-Hamiltonian vector field, and {(pt}t the gradient- 
Hamiltonian flow respectively. 

Next we discuss the lift of the gradient-Hamiltonian flow to the prequantum line bundle. 
Let us assume that there exists a prequantum line bundle (L, h, V) on M in addition to 
the above setting. For any c G B we denote the restriction of {L,h,V) to the fiber Vc by 

The horizontal lift Z G X{L) of Z G X{M) induces the fiow {(^t}t, which is a lift of the 
gradient-Hamiltonian flow {'^t\t- Similarly, for any c £ B there exists ec > such that the 
fiow {<pt}t induces a bundle isomorphism iftlL^c '■ L^" — L^'^-* for t G (— ec,ec). 

Then we have the following proposition. Since its proof does not seem to be found in 
the literature, we give a proof here. 

Proposition 4.3. ((^i|iVe)*V^'^-* = V^'^ and = h^'^ for t G (-ec,ec). 

Proof. Since the connection V preserves the Hermitian metric h, the second assertion is 
obvious. So we prove the first assertion. 

Since = on M, the gradient-Hamiltonian fiow {ipt}t preserves Mqj=qc = {p ^ 

M I = 9c}. First we show that i{Z)uj = on A/qj^qc- Ii^ fact, we have 

i{Z)uj = i{T^^^)oJ = = on Mq/=3,. 
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Let S C L he the unit sphere bundle and p: S ^ M the projection. If we denote the 
connection form of V by a G fl^{S), then we have da = p*uj. Since the restriction of the 
horizontal lift Z € X{L) to S can be considered as Z £ X{S), we have i{Z)a = and 
p^Z = Z. So, on p~^(-/VfQj=Qc)) we have 

L^a = i{Z){p*uj) = p*{i{p^Z)Lo} = p*{i{Z)uj} = 0. 
Thus the flow induced by the vector field Z G ^(3) preserves the connection V on 



5 Toric Kahler structures of toric manifolds 

In this section we review toric Kahler structures of toric manifolds. Starting from a Delzant 
polytope, we construct a symplectic toric manifold in Subsection 15.11 and a complex toric 
manifold in Subsection l5.2[ We identify them according to a choice of symplectic potentials 
due to [AbH IXb2| IGuH [Ciu2 j in Subsection 15.31 We also review certain deformation of toric 
Kahler structures by changing symplectic potentials, which was introduced in [BFMN] . 
Let T" be a real torus with the Lie algebra t". Let 

A = {pe in* I {p, rj) + Xj>0 for i = 1, . . . , d} (5.1) 

be a bounded Delzant polytope, where ( , ) : (P)* x t" — t- M is the natural pairing and rj is 
a primitive vector in the lattice for j = 1, . . . , d. We assume Ai, . . . , G Z. We set 

lj{p) = {P, rj) + A,-, Fj = {pe in* I hip) = 0} for j = 1, . . . , d. (5.2) 

Let T'^ be a real torus with the Lie algebra and Xi, . . . , G be the standard basis 
of f^. Let vr: — )• t" be the surjective Lie algebra homomorphism defined by vr(Xj) = rj for 
j = I, . . . ,d. Then the kernel of the corresponding Lie group homomorphism fr: T'^ — )• T" 
is a connected subtorus K of T'^ with the Lie algebra i. Let ui, . . . , ti^ G (f^)* be the dual 
basis of Xi, . . . , Xrf G t^- We set Aa = XiUi H + XdUd G (f^)^. 



5.1 A symplectic toric manifold Mgymp 

Let uj be the standard symplectic form on C^. The natural action of T'^ on (C'',^;) ad- 
mits a moment map ^j-d : — )• (f^)*, given by Px'^i^) = '^Yl'j=i\^j\'^'^j^ where z = 
{zi, . . . , Zd). If we denote the dual map of the inclusion z. : t — by t* : (f^)* — t*, 
then the moment map fxx- C'^ — >• t* for the action of the subtorus K on (C'^,cl') is given 
by ^k{z) = 7i"X]j=i \zj\'^i*Uj. The compact symplectic toric manifold Mgymp is defined to 
be the symplectic quotient Msymp = {('* ^a) / K with the natural symplectic structure 
UJ G ^l'^ {Msymp)- The quotient torus T" = T'^/K acts on {Mgymp,^) with the moment map 
//T" : M„ ^ (r)*. Since /ird(^) - Aa G ker{i* : (f^)* ^ r} = image{^* : (t")* ^ (f^)*}, 
it is given by fiq^n ([z]) = {TT*y^{nj,d{z) - Aa) G (t")*. It is well known that 
A. 

Next we define a prequantum line bundle on Msymp- Let Lsymp = x C be the 
trivial line bundle with the standard fiber metric h. Let V be a Hermitian connection 
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on Lgymp defined by V = d — \/—1t: Yli=j i^jdyj — Vjdxj), where Xj,yj are the real and 
imaginary part of Zj respectively. The action of T'^ on Lgymp defined by (z, 'u)Expj.d^ = 
(zExp-j^d^, ve^'^^'^"^^^^'^^) preserves the Hermitian metric h and the connection V, where 
Expand : — 7- T*^ is the exponential map. Then the prequantum line bundle {Lgymp, h, V) on 
Msymp is defined to be the quotient of the restriction of Lgymp to n]^^ {i* X^) by the action 
of the subtorus K. Moreover, the quotient torus T" = T^/K acts on Lgymp, preserving h 
and V. Let [z]k £ Msymp denote a point represented by z G h~^^{l*Xa)- Similarly [2;,^]^ 
denotes a point in Lgymp represented by {z,v) G fJ'J^^ {t-* ^a) x C. 

Set Mgyj^p = ;U^;i(IntA), where IntA is the interior of the Delzant polytopc A. Then it 



is easy to see that {y-^^, ■ ■ ■ ,y ^^^) £ I-I'k^{1'* ^a) for any p G IntA. Therefore the map 
V-Vp^ Int^ X tVtS ^ Kmp defined by 



i^sympiP, [q]) = • • • ' V ^)]xExp^„(g) (5.3) 



is a diffeomorphism, where q' G t'' is taken so that 7r(g) = q. Note that we have 

/«T" o ' = P (P^ M) e Int^ X t"/tz- (5.4) 

Next we define a section s^^^^ of Lgymp restricted to M^y^^p by 



4mp(f ' M) = [(V • • • ' V i]/^Exp^"(9) e ^^.-P- 



This section induces a unitary trivialization of the prequantum line bundle Lgymp on M^y^p. 

Fix a Z-basis pi,...,pn G (t")J and its dual basis qi,...,qn G t^. Set A" = {x = 
(xi, . . . , Xn) G I XlILi XiPi G IntA}. Then we have a coordinate (x, [6*]) G A^ x M"/Z" 
on IntA X P/tg. So (x, [6*]) G A° x R^/Z" can be considered as a coordinate on M^y^p. It 
is easy to see the following by simple computations. 

Lemma 5.1. Let (x, [9]) G A° x R"/Z" he the coordinate on M^y^p induced by the fixed 
basis pi,. . . ,pn G (t")^- Then the symplectic form u on M^y^p and the connection V on 

^symplM'^y^p ^'"s described as follows. 

(1) ^Imo^„p = Er=i ^^^i A dOi. 

(2) V|jvf0^^p = d — 2tt\/—1 Y17=i ^id^i with respect to the unitary trivialization defined by 
the section s%^p on M^y^p. 

(3) For m G IntA, /x^^ (m) is a Bohr-Sommerfeld fiber for the prequantum line bundle 
{L„,h,V) ifandonlyifm G IntAn(P)J. Moreover, Sm{[e]) = e''^^^^=i"^'^'s0^^p|^-i (^) 
is a covariantly constant section of {Lgymp-, h, V)|^-i for m = Y17=i ''^iPi ^ IntA fl (t")J, 
where [6\ G M^/Z" is a coordinate on ii^n{rn). 
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5.2 A complex toric manifold M^omp 

Let A be a Delzant polytope defined by (|5.ip . and denote its set of vertices by A(0). Let 
Fj C (t")* be tlie hyperplane defined in (j5.2p for j = 1, . . . , d. For eacli v G A(0) we set = 
{j\ve F,}, = {z e I zj / if J G {1, . . . , 4 \ A4 and = U.eA(o) '^t- Then the 
compact complex toric manifold Mcomp is defined to be the quotient space Mcomp = C'^/Kc, 
where Kc is the complexification of the subtorus K. Similarly the complexification of the 
torus T'^ is denoted by T^. The quotient torus = T^/Kq acts on Mcomp, preserving its 
complex structure J. 

Next we define a holomorphic line bundle on Mcomp- Let Lcomp = x C be a trivial 
holomorphic line bundle on C^. Define the action of on Lcomp by (z, v)F,xjpj^d^ = 

{zExprpd^,, ve^'^^^^^'^'^'^) . The holomorphic line bundle Lcomp is defined to be the quotient 

of the restriction of Lcomp to by the action of Kq. Then the quotient torus = T^/Kq 
acts on Lcomp, preserving its holomorphic structure d. Let [z^j/c^ G M^comp denote a point 
represented by z G C^. Similarly [zjuji^-j, denotes a point in Lcomp represented by {z,v) G 
Ci X C. 

Next we define a meromorphic section Scomp of Lcomp on Mcomp by 

d 

ScompiMKc) = [Z, n ^i']^C ^ Lcomp for Z G C^. 

i=i 

The section s^J^mp is holomorphic and non-zero on M^^^^ = (C^)"^ / Kc, where (C^)'^ = {z G 
\ Zi for i = 1, . . . , d} C C^. So it induces a holomorphic trivialization of Lcamp on 
MO . 

' comp 

For m G A n (t")^ we define a holomorphic section a"^ of Lcomp by 

^""(W/^c) = n e W for z G Ci. (5.5) 

It is well known that {u'" | m G A n (t")^} is a basis of the space of holomorphic sections 

H {^Lcomp,d)' 

Next we introduce a complex coordinate on M^^^p. Fix a Z-basis pi, . . . ,pn G (t")^ and 
its dual basis gi , . . . , (7„ G as in Subsection 15.11 Then we define a complex coordinate 
¥'?o„^p:McVp^(C"r by 

<^u(Wi^c)=(n^f''^^^---,n-f'''^'^), (5.6) 



where rj G is the vector in (jS.ip for j = 1, . . . , d. Since 0^=1 z^^^'^' is a Kc-invariant 
meromorphic function on C^, it descends to a meromorphic function on Mcomp- If we set 
(wji, . . .,Wn) = V'compiMKc), then we have 

n 

'^'"(Ni^c) = (n^^'''^)^°-p(WKc) onM,„^p. (5.7) 



4 = 1 
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5.3 Symplectic potentials 



In Subsections 15.11 and 15.21 starting from a Delzant polytope A defined in (|5.ip . we con- 
structed a symplectic and complex toric manifold respectively. In this section we identify 
them, using symplectic potentials due to [Gul^ \Gu2\ \Ahl\ IAb2j . We also recall a certain 
deformation of toric Kahler structures due to jBFMNj . 

The inclusion jj]^ {i*Xa) C induces a map Xcan - Mgymp Mcomp- It is well known 
that this map is a diffeomorphism. In [Gull IGu2| Guillemin showed that this map is 
described by a single function gcan as follows. 

Fix a Z-basis pi, . . . ,p„ G (^")z dual basis gi, . . . , g„ G as in Subsections 

15.11 and 15.21 Fix qi G t| so that Tr{qi) = Qi for i = 1, . . . ,n. Let (x, [9]) be the symplec- 
tic coordinate on M^y^p and {wi, . . . ,Wn) the complex coordinate on M^^^p induced by 
pi, . . . ,Pn G I'espectively. If we write p = J2i=i ^iPii then, by (|5.3p and (j5.6p we have 

where gcan '■ IntA — J- M is a function defined by 
1 

gcan{p) = ^j(p) log lj{p) + ( a linear function on (t")* ) for p G IntA . 

Note that gcan extends continuously to gcan : A — )• M. 

Definition 5.2. A function g G CO(A) is a symplectic potential if and only if the following 
holds: 

(1) ff-5canGC-(A), 

(2) The Hessian Hessp^ of 5 at p is positive definite for any p G IntA, 

(3) there exists a strictly positive function a G C°°(A) such that 

d 

det(HesSp5') = [a{p) JJ lj{p)\~^ for any p G IntA . 



The set of symplectic potentials is denoted by S'P(A). 

The following results are due to PuTj KJu^l EM| Eb2] . supplemented by |BFMN] . 

Theorem 5.3. Let A C (t")* he a Delzant polytope. Let [Mgy^p^uj) he a symplectic toric 
manifold and {Mcomp, J) a complex toric manifold constructed from A. Let {Lsymp,h,^) 
he a prequantum line hundle on Mgy^p and {Lcomp, d) a holomorphic line hundle on Mcomp 
constructed from A. Fix a T^-hasis pi, . . . ,pn G (t")^. Let {x, [6]) he the symplectic coordinate 
on M^y^p and w = {wi, . . . , Wn) the complex coordinate on M^^^p induced hy pi, . . . ,pn G 
(t")^ respectively. 

{A) Each g G SP{A) defines a T^-equivariant diffeomorphism Xg- Mgymp Mcomp and a 
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T^-equivariant bundle isomorphism Xg- Lgymp Lcomp such that the following holds: 
(al) The following diagram commutes: 

{TgyfYip, h,\/^ — >■ {LcompTd) 

i i 

(yMgyuip,Ul) )■ {^comp^ J) 

(a2) {Msyjnp,uj,XgJ) is a Kdhler manifold. 

(a3) V is the Chern connection of the Hermitian holomorphic line bundle {Lsymp,h,Xgd). 
(a4) XsIa/o^^p : M^ymp ^comp is a diffeomorphism given by 

u;,(x,(x,[0])) = e'"^^+^'^) fori = l,...,n. (5.8) 

The map Xg is independent of the choice of the basis pi, . . . ,pn G (t")J- Moreover, if we 
write Wi = e'^'^ivi+^^-^^t) j^q^ i = 1, . . . , n, then the inverse mapping iXglMOy^^)^^ ■ ^^comp ~^ 
Msymp is given by 

df 

^iiXg^{w)) = ei{{x'g^){w)) = Oi fori = l,...,n, (5.9) 

where f{y) = -g{x{y)) + Xi{y)yi. 

V""-"; Ag'^comp ''symp ^^^symp' 

[B) On the other hand, if X- ^symp — ^ ^comp is a T^-equivariant diffeomorphism such 
that (Msymp,<-^,X* J) is o- Kdhler manifold and that x is homotopic to Xcan, then there 
exists g G 5P(A) such that x = Xg- 

In [BFMNj the authors considered a certain 1-parameter family of symplectic potentials, 
which provides a 1-parameter family of identification of a symplectic toric manifold with a 
complex toric manifold. In other words, it provides a deformation of toric Kahler structures. 
The authors proved the following remarkable property of the deformation. 

Proposition 5.4. Let Xs- ^symp ~^ ^comp o-nd Xs'- Lsymp ~^ L^omp be the diffeomorphism 
and the bundle isomorphism defined by gs = go + sv £ SP{A) for s > respectively, where 
z^: A — )• M is a smooth strictly convex function. Then, for each m G A n (t")J, the section 



II-* mil — converges to a delta-function section supported on the fiber iirp\{m) in the 

following sense: there exists a covariantly constant section 6m of {Lsymp,h,'V)\^-i ^^^-^ and a 

measure d9m on fi^i(m) such that, for any smooth section (j) of the dual line bundle L*yj^p, 
the following holds 



lim / L^-^^ I {cl>,5m)d9„ 



Note that the authors proved the above results not only for m G IntA n (1"")^ but for 
all m G A n (t"")^. In Proposition 16.61 below we slightly generalize this proposition. 



14 



6 Submanifolds under the deformation due to [B FMN] 



In the last section, starting from a Delzant polytope A defined by (jS.ip . we constructed 
a symplectic toric manifold (M^ympjCj) and a complex toric manifold {M^omp^ J)- In this 
section, we study the change of the identification Xs'- {Msymp-,^) i^comp, J) and its lift 
Xs ■ {Lgyrnp-, h, V) — )■ (Lcomp, 9) induced by a family of symplectic potentials gs = sq + sv £ 
SP{A) for s > 0, where i' S C°°(A) is a weakly convex function. In particular, we study 
the behavior of submanifolds and the prequantum line bundle on it under the change of 
identification of the ambient toric manifolds. 

6.1 Identification of submanifolds 

Given a complex submanifold Vcomp of {Mcomp, J), we consider the change of the identifica- 
tion Xs '■ (MsympT^^) — >• {Mcomp, J)- This implies that the complex structure of the complex 
submanifold remains the same, but the symplectic structure {x7^)*^ it changes. In this 
subsection, we develop a method to identify {Vcomp, (x^^)*^) as a symplectic manifold. We 
also lift the identification to the prequantum line bundle. 

Proposition 6.1. Let {Vcomp, J^) be a compact complex submanifold of {Mcomp, J) md 
Pcomp'- Vcomp Mcomp the embedding. Set Vgymp = Xo^{^comp), o,nd denote the embedding 

by PO ■ Vsymp ^ MgyYnp ■ 

(1) There exists an embedding pgi Vsymp Msymp such that p*ijj = p^u for each s > 0. 

(2) There exists a diffeomorphism x^ ■ Vgymp Vcomp such that, for each s > 0, {Vgymp, Po^, X 
is a Kdhler manifold and the following diagram commutes: 

{Mgyijip, U)"j >■ {Mcomp, J) 

^ Ps T Pcomp 

X 

{Vsymp, Pq^) ^ {Vcomp, J )• 

(3) The maps ps and x^ o-f^ canonically defined and depend smoothly on s > 0. 

Proof. (1) If we set ^ps = XO ° (Xs)""^ : Mcomp Mcomp and = ((Xs)"^)*^ G ^'^{Vcomp) 

for each s > 0, then we have 

V'>o = ^s- (6.1) 

We show the following. 

Claim 6.2. There exists a diffeomorphism 0s : Vcomp — ^ Vcomp for each s > 0, such that 
<Ao = idv.^^p and (^^{plomp^ s) = Plomp^o- 

Proof of Claim [67B . Define a vector field Xs £ X {Mcomp) by 

{Xs)i,s{p) = ^ ^_Q^^+t(P^ ^ T^,{p)Mcomp for p G Mcomp- (6.2) 

By (|6.ip we have 
du. 



ds 



Vs{Lxs^o) = dVs, where r]s = ^*{i{Xs)u}o} G il.^{Mcomp)- (6.3) 
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Suppose that there exists a diffeomorphism (f)^ ■ ^comp — ^ ycomp such that <t^*s{p*ccmip^ s) = 
P*comp^o for each s > 0. If we define a vector field £ X{Vcomp) by {Ys)^^{p) = f^\^^^(t)s+t{p) G 
T^s{p)^comp for p G Vcomp, then we have 



= ^{0s(Pcomp'^s)} = (P*s{LYs{Pcomp^s) H } 

= (P*sd{i{Ys)ipl^^pUJs) + PcompVs}- 

Therefore, if we define Yg E X{Vcomp) conversely by 

iiYs){p*comp^s) + plompVs = 0, (6.4) 

then we have a desired diffeomorphism (ps- Vcomp — ^ Vcomp by integrating Yg £ XiVcomp)- 
Moreover we have = idy^^^^ from this construction. □ 

Since pcomp o Xo\Vsy,^p = Xo ° Po, we have {xo\Vsy,^p)* (plomp'^o) = pI^- Define a smooth 
map ps : Vsymp M^ymp by ps = iXs)~^ ° Pcomp °4>s° XolVsymp- By Claim [62] we have 

P*s^= (.Xo\Vsy,^pT(p*s{p*comp^s) = iXoWsy^^pY (Plomp^o) = pI^J . 

(2) Define : Vsymp Vcomp by X^ = (l>s o Xo\Vsy„,p- Then we have Xs o Ps = Pcomp o X^- 
Since X^iplomp^s) = pUxl^s) = p^uj = p^uj, we see that {Vsymp, pIuj,xIJ^) is isomorphic 

to (Vcomp 1 P compost 

J^). Therefore {Vgymp, Poi^,X*J^) is a Kahler manifold. 

(3) In the above construction of (ps there is no ambiguous choice. So (ps is canonically 
defined and depends smoothly on s > 0. Therefore the maps ps and Xg are canonically 
defined and depend smoothly on s > 0. □ 

Next we construct a lift of the maps ps '• Vsymp — ^ ^symp and x '• Vsymp — ^ Vcomp to the 
prequantum line bundle. 

Proposition 6.3. In addition to the assumption o f Proposition let {L^y^p^hX = 

Poi-^symp, and^L^Q^pjd ) = Pcompi^comp, 

d) be a prequantum line bundle on (Vsymp, Po^) 
and a holomorphic line bundle on (Vcomp, J^) respectively. Let pcomp- L^mp ~^ Lcomp be 
the canonical lift of the embedding Pcomp- Vcomp Mcomp- 

(1) There exists a lift ps : L^ymp Lsymp of ps : Vsymp Msymp such that pKLsymp, h, V) = 
(LYy^p,h'',V'')fors>0. 

(2) There exists a lift x^ '■ L^ymp ~^ ^Yomp '^'^P X^ '■ Vsymp Vcomp for s > such 

that, for s > 0, is the Chern connection of (L^ymp, , X*d^ ) '^'^d the following diagram 
commutes: 

{■^symp, y (Lcomp, 9) 

tPs t Pcomp 

(r^ v^^ c/-^ fW\ 

\-^symp, "' , ^ I ' K^comp, ^ J- 

(3) The maps ps and x canonically defined and depend smoothly on s > 0. 



Proof. We use the same notation as in the proof of Proposition 16.1 
(1) First we show the following. 
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Claim 6.4. Let R: Vgymp x [0,oo) — )■ M^ymp be the map defined by R{p,s) = Psip)- Then 
the following holds. 

d 

i{-g^){R*uj) = on Vsymp x [0,oc). 

Proof of Claimlem Define 9: Vcomp x [0,oo) Mcomp by 6{p,s) = ips ° Pcomp ° (psip)- 
Fix any (po,so) e Vsymp x [0,oo) and v £ Tp^^symp C T(^po,so){^symp X [0,oo)}. We set 
qo = Xq{po) G Vcomp and w = {Xq)*po(^) ^ Tq^^Vcomp C T(^qo,so){Vcomp X [0, oo)}. Since 
R{P, s) = {{xoy^ o d){xQ{p), s), we have 

By (|6.2p we liave 

d d 

d 

(go) + (V'so)*(Pcomp)*(^|^^^ 05(90)), 
^*(go,so)H = (V'so)*(Pcomp)*((/>so)*goM- 

Thus we have 
d 

b{-Q^){R*^)}{po,so){v) 

= {V'so (^(^so )'^0)}p,<,„j,o</,,Q (go) ((/'comp)* (</'so)*go (^)) 

+ {(Pcomp)*(^so)*^o)}((i^so)<Aso{go)' (</'so)*goM) 

o<Aso (go) ((^comp)* ("/"so )*go (^)) + ( Pcomp ^so)</'sQ(go) ((0 so)*go H) 

= 0, 

where we used (|6.3p and (|6.4p in the second equality. This implies Claim 16.41 □ 

Consider the line bundle {L'^y^p, h' ,V') = R* {Lgymp, h,V) on Vsymp x [0, oo). Let S' C 
^'symp be the unit sphere bundle and p: S' ^ Vsymp x [0,oo) the projection. If we denote 
the connection form of V' by a G $7^(5"), then we have da = p*R*uj. If we denote the 
horizontal lift of ^ E ^{Vsymp x [0, oo)) by ^ G '^(5")) we have i{(,)a = and p^,^ = So 
we have 

L^a = i{i)da = m{p*R*^) =p*{i{p.O{R*^)}=P*{KY)^R*^)} = 0. 

Thus the flow defined by the vector field ^ G X{S') preserves the connection V'. So it induces 
a lift ps : LYymp Lgymp of the map ps : Vgymp Mgymp such that /9*(/i, V) = (/i^, V^) for 
s > 0. 

(2) Since Xs o Ps = Pcomp o X^ holds, = p~}^p o Xs ° Ps - LYymp LYomp is well de- 
fined. Since x*^^ = xliplompd) = pUxYd), we see that {lYymp, , X*Yd^ ) is isomorphic 
to p*{Lsymp,h,xtd). Since V is the Chern connection of {Lsymp,h,x*s(^), = /5*V is the 
Chern connection of {LYymp^ ^X*d )• 

(3) This is obvious from the definition of the maps ps and x ■ D 
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6.2 Toric subvarieties 

Let {Msymp,^^) and (McompiJ) be a symplectic and complex toric manifold, respectively, 
constructed from a Delzant polytope A defined by (jS.ip . In this subsection we study 
a (possibly singular) toric subvariety Vcomp of {Mcomp, J) under the deformation of toric 
Kahler structures of the ambient toric manifold. 

Fix a Z-basis pi, . . . ,pn G its dual basis gi, . . . , g„ G t^. This induces sym- 

plectic coordinate {x, [6]) on M^y^^p as in Subsection 15.11 and complex coordinate w = 
(wi,... , Wn) on M^g^p as in Subsection 15.21 Note that M^^^p is the T^-orbit through 
e = (1, . . . , 1) G M^^p. 

Proposition 6.5. Let T^^ be an I -dimensional suhtorus ofT^. Let l* : (t")* — t- (t')* be the 
dual map of the inclusion of the Lie algebra i: — )• t^. Let Vcomp C Mcomp be a closed l- 
dimensional (possibly singular) toric subvariety containing e = (1, . . . , 1). The torus action 
on Vcomp is the restriction of the T^- action on Mcomp and its orbit through e is open dense 
in Vcomp- 

(1) Let Xs- Mgymp Mcomp be the diffeomorphism defined by 

gs=9o + s{voi*)eSP{/\) fors>0, 

where v_: i*(A) — t- M is a smooth strictly convex function. Set Vgymp = {xo)^"^ (Vcomp) ■ Then 
Xo o Xl'^Wcomp '■ Vcomp Vcomp is « homcomorphism for each s >0. 

(2) Let ps : Vgymp — ^ Mgymp o,nd : Vgymp Vcomp be the maps constructed in Proposition 
\6.1l Then ps = po and = Xs\Vsymp hold for s > 0. Moreover, their lifts constructed in 
PropositionlKE are given by ps=h - L^ymp ^ ^symp and x^ = XsIl^-^^^ : L^ymp ^ ^Zomp- 

Proof. (1) Note that Vcomp H M^^^p is a connected component of 

n 

{w € M^^p I n ^f'"'^ = 1 for all p € ker t* n (t")!}, (6.5) 

4=1 

which contains e = (1, . . . , 1). By ()5.8p we see that {xs)~^ {Vcomp H M^^^p) is a connected 
component of 

{(x, [6]) G M^y^p I e2^^-i<P''?'>(^+^^') = 1 for all p G ker i* n (t")^}. (6.6) 
On the other hand, we have 

i=l i=l i=l 2=1 

because Yl^=i{P'Qi)'£r ^ differential in the direction of kerz.* for all p G keri* n (t")J. 
Therefore we have {Xs)~^ (Vcomp) C {xo)~^ {Vcomp) = Vgymp- So we have an injective contin- 
uous map Xo o X7 V.ymp : Vcomp Vcomp- 

Next we show that the map xo ° Xl^lvcomp- Vcomp Vcomp is surjective. Let V^^^p 
be the Tj^-orbit through e. Note that xo ° Xj^lvsymp is T'-equi variant and injective. If 
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we consider the isotropy subgroup at each point, we have xo ° Xs ^(Komp) ^comp 
Xo°Xi^{Vcomp\V°ornp) C Vcomp\V^omp- Since Xo°Xl\o,^p is a C°^-map and its differential 
is an isomorphism at each point, Xo°Xj^{Vcomp) is open in V^j^p- On the other hand, since 
Vcomp is compact, Xo°Xj^{Vcomp) is compact. Therefore we see that Xo°X7^\vo,^p '■ ^comp ~^ 
V^^^p is surjective. So we see that xo ° Vcomp '■ Vcomp Vcomp is surjective. 

Since Xo°Xj^\Vcomp • Vomp Vcomp is a bijective continuous map and Vcomp is a compact 
Hausdorff space, it is a homeomorphism. 

(2) In the proof of Proposition 16.11 we constructed (j)s : Vcomp Vcomp by integrating the 
time-dependent vector field Ys G (Vcomp) defined by 

iiYs) (plomp^s) + PcompVs = 0, where r]s = 'il^*{i{Xs)uJo} G n^{Mcomp)- 

In our situation the vector field Ys is defined on V^^^p. Since V^^^p is non-compact, it is not 
obvious that Ys is integrated to define the map (pslvo^^ '■ Vcomp ~^ Komp- However, we show 
that this holds in our case and that (pg \ v2omp extends to a homeomorphism (j)s : Vcomp — ^ 

Vcomp- 



In the proof of Proposition 16.51 (1), we showed that V'sli^o = Xq° Xs ""^Iv • K: 



coTnp 



comp 



Vcomp is a diffeomorphism. Moreover, by (16. 2p the restriction Xslyo^^^ takes its values in 
the tangent bundle of V^^mp- If we note (jG.ip . we have 

PcompVs = Pcomp'^*s{i{Xs)uJo} 

= P*comp{iiii^J^)*XsWs^o} = i{ilpJ^)*{Xs\v<l^^))pcomp^s- 

Thus we have 

= i{Ys)iPcomp^^s) + PcompVs = i{Ys + {lp7^)*iXs\vO^^^))Pcomp^s- 

So we have 

Ys + ii^-^iXslvo^J = G XiV^l^p). 
For any p G Komp 'we have 



(it 



d 



{Ys)p = -{{Tps ^)*{Xs\vo)}p = -37 , >s ^ ° V-s+tlp) = 31 . „^s+t ° '^siv)- 



t=0 



Namely, we have (y^j^-i^^^ = ^\^^q'4' s+tiP) ■ Thus the vector field Ys on V^^^p is integrated 
to define 0s I v^^^^ = ^^^lyOomp ~ ''^■'°^o ^l^omp' '^^^lK?omp extended to a homeomorphism 
<As = Xs o Xo Vcomp : ^comp ^ V^comp- So we have X^ = 4>s o Xo|v,j,mp = Xs|v,j,mp- Then the 
rest of the statement is obvious. □ 

Recall that we defined a holomorphic section of Lcomp for m G A n (t")J by (15. 5p . 
Then x*s<^"^ is a section of Lgymp- By Proposition 16.51 (2). the section /0^(Xsf™) = Po(Xs<7'") 
of ^Yymp can be written as X^^ly.^^mp- 

Proposition 6.6. In addition to the assumptions in Proposition \6. 5\ suppose that '-*((t")J) = 

(t')^. Set fij^i = L* O /ij-n : Msymp (tO* = PTtiVsymp)- 

(1) For G A n (t")J, = a^Vcomp ^/i*"^ = i^^rn'. 
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(2) For p G IntAy, H Vgymp is a Bohr-Sommerfeld fiber for the prequantum line 
bundle (Lsymp, h,V)\v,ymp if and only if p G IntAy fl (t')J. 

(3) Fix any m £ An (t")J with L*m G IntAy n Let B,*m be an open neighborhood 
of L*m in (t^)*. Then there exists Cq{s) > 0, depending continuously on s > 0, such that 
lim^-^oo Co{s) = and, for arbitrary s >0, 



\c^KMsy^Af^~JiB,*^)) ^ Co{s) where tI 



'\/^ ^TTl I 1 1 

As'-' \Vsymp\\L'^{Vsymp) 



¥00 



lira I (</>,rr|v_)^^= / _ {cP, 6,*^)de,, 



(4) Fix m G A n (t")J with i*m G IntAy n (t')|. The section T^lvsymp converges to 
a delta-function section supported on the Bohr-Sommerfeld fiber ii~}{i*m) D Vgymp in the 
following sense: there exist a covariantly constant section 5i,*rn of {L symp, h, V)|^-i^^*^) and 

a measure d9^*m on fj,~l{L*m) Vsymp such that, for any smooth section 4> of the dual line 
bundle {LYympT > the following holds 

At~;^(t*m)nysj/mp 

Proof. (1) By ^ we have a^'/f^™ = nr=i wj"'"™''^'^ on M^^^. Since m' - m G ker i*, 
due to (j6.5p . we have a"^' /a^ = 1 on Vcomp- 

(2) Since '-*((t"')J) = (t')z5 take Pi, . . . ,p'i G (t")^ so that L*Pi, ■ ■ ■ , i*p'i is a Z-basis 
of (t')g. In addition, if we fix a Z-basis p[j^i, ■ ■ ■ ,p'n of (ker l*) n (t')J, then p'l, ■ ■ ■ ,Pn is a 
Z-basis of (t")^. It induces the complex coordinate w' = {w[, . . . , w^) on M^^^p and the 
symplectic coordinate (x', [6']) on M^y^p as in the previous subsections. 

By ([63]) we have Vcomp n M°„^p = {w' G M^^^p | w[j^^ = ■ ■ ■ = w'^ = I}. So, by 
(16. 6|) . we see that 0[^^, ■ ■ ■ ,9'^ are constant on Vsymp H Mgymp- Moreover, by ()5.4p we have 
^Ti{x',[e']) = Y!i=ix'iP'i foi^ e ^sVp- ^^^'^ P = Ei=ia^iPi e IntAy, since 

l^x^ijp) ^ Vsymp is a single T'-orbit, x'j^, . . . , are also constant on fJ.^}{p) n Vsymp- 

On the other hand, due to Lemma [STTl we see that VL/o = d — 2-k\/—1 Y^ILi x'd^' 
with respect to the trivialization defined by s^gymp- Therefore, for a fixed p = x[i*p[ G 
IntAy, the multi-valued section 5p{[e']) = e'^'^'^^'^-^^'^'^s^^p of {Lsymp,KV)\^-i^^^^^y^^^^ 

is covariantly constant. Since 5p is single-valued if and only if p G IntAy n (t')^, we finish 
the proof. 

(3) The following proof is a slight modification of the argument in [BFMN| . If we write 
m = X^iLi "f^'iP'i ^ to (15. 7p and Theorem 15. 3^ we have 

n 

Xs*a^ = Xs*{{\{{wT'^)slo^p] 

i=l 



{lie }e s%^p 

i=l 

^ '^symp 
-2-Ksam{x') m 
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where 

1 eso 



[6']) = e'^^'°"^-^^^^""^M)e2-v^(Sr^i™^^>)s°,„,(x', [9']), 



n 



aM) = Y.^A - - (id o nix'). 

i=l 



If we set a,*^{p) = Ei=i(^i " K)^(p) " id(p) for P = ELi ^^i^^i e t*A C (t')*, then we 
have amix') = a^^-m ° A*t'(^'> i^'])- in the argument in Section 4 in |BFMNj . we have 

d 

QL,*m{p) = ^L*mii'*m) + -j^a,*^{L*m + t{p - L*m))dt 

= -v{i*m) + / \p- L*m)(ILess,,rn+t(p-L'm)E){p - i*m)dt. 
Jo 

Since u: t*(A) — )• M is strictly convex and i*A is compact, if we put = X]i=i(^D^ 
P = ELi ^^b'i = 1^*^' ^ there exist Ci, C2 > such that 

— i/(t*m) + Ci\\p — t*m|p < a^*m{p) < — + C2IIP — t*m|p for p G t*A. 
So we have 

On the other hand, there exists C3 > 0, for sufficiently small r > 0, 

Av J Br{i.*m.)r\Av 

Since = c^t.*m. ° f^T' ^ smooth function on Mgymp, is a smooth section of Lsymp- 
Since ^"^ is non-zero on fi~}{L*m) and independent of s > 0, there exists C4 > such that 

By ()6.7p and ()6.8p there exists C5 > such that 

x:a™(x',[0']) 



rr(^M^'])l 



ymp \ \L (Vsy/jip) 

Since we can take small r > so that Ci\\p — i*m|p — C2r^ > for any p G i*A \ B^*rm we 
finish the proof. 

(4) By the above argument, we also have 

g-27rsa^*„{p) 

lim _„ = (5(p — i*m) 

s^oo ||e ^''''-'*'"||l1(Av) 

for L*m £ IntAy n (t')^, where 6{x) is the Dirac delta function on (t')* supported at the ori- 
gin. Moreover, the restriction ?'"|^-i(,.^)nv,,„, = ^%mp)\f,^li,*m)nv.^^,^ 
where c is a constant, is a covariantly constant section on iJ.^}{t*m)nVsymp, which we denote 
by ^i*m{(^')- So the assertion is proved easily. The details are the same as in |BFMNj . □ 
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7 Proof of main result 



In this section we prove Theorem 12.11 by applying the method developed in Section [6l In 
Subsection 17. 1 1 we explain how the setting of Theorem l2.1l fits into the framework of Section 
[6l In Subsection 17.21 we construct a family of complex structures on the flag manifold, from 
which (1), (2) and (3) of Theorem 12.11 turn out to be obvious. Finally, we prove Theorem 
O (4) in Subsections O and El 

7.1 Set up 

In Section [2] we fixed a symplectic structure cjp on P = YYi^i C^)- We denote the 
complex structure on P by Jp. Note that (P, u^, Jp) is a toric Kahler manifold, constructed 
from a Delzant polytope Ap. Moreover, the toric Kahler manifold (P, wp, Jp) can be viewed 
as the identification of a symplectic toric manifold {^symp, wp) with a complex toric manifold 
i^compi Jw) by the diffeomorphism xo '■ {^symp: 

Wp) (P 

comp: 

Jp) defined by a symplectic po- 
tential go E S'P(Ap), as in Subsection l5.3l Similarly, the Hermitian line bundle {L^, hF, V^) 
can also be viewed as the identification of the prequantum line bundle {L^y^p,hF,V^) on 

(Psym,p,a;p) with the holomorphic line bundle {L^g^p,d^) on {fcomp,J¥) via the bundle 
isomorphism XO) which is a lift of the map xo '■ ^symp ^comp- 

The flag manifold (¥,ujf,Jv) in Theorem 12.11 can also be viewed as the identifica- 
tion of {¥symp,^¥) with (Fcomp; Jf) as follows. Let us denote the Pliicker embedding by 

Pcomp ■ (^compjJw^ ^ (I^comp) "^p)' ^Vc Set "^symp — Xq {"^comp) and let Psymp • "^symp ^ 

^symp be the embedding. Note that p*symp^¥ = '^F- We also set (Lf^^p, /i'^, V'^) = 

' sympV-'-' sympi ; ^ 

mutative diagrams: 



P*symp{Llymp, , V^) and {L^^p, d ) = plompiLLmp, d ). Then we have the following com- 



PsympjWp) ^ (Pcomp, Jp) {L^ymp^ ?'^^) i^^ompid) 
T Psymp T Pcomp T Psymp T Pcomp C^-l) 



YoIf XolfF 



{'¥symp,(^F) (¥comp,J¥) {L^ymp^ ^^^) i^lomp^d^)^ 

where psymp and pcomp are the natural embeddings. 

In Subsection 13.11 we constructed a family of varieties {Fln{t) = Mn{C)//tB}tec- We 
set {Vt^comp, Jvt) = Flnit) for t G [0,1] and denote the deformed Pliicker embedding by 
PtjComp- ^t.comp ^ ^comp: which is defined in Subsection [3T] Let Vt,symp = Xo iVt,comp) and 
pt,o ■■ Vt,symp Psymp be the embedding. We also set (L^*^^, V^*) = PtfliL^symp^ h^,V^) 
and (L^^p,5^') = Pt^compi^^omp^^)- Then we have a commutative diagram, which is the 
case s = in the diagram (|7.4p below. Note that Vi^comp = '^comp and Vi^symp = "^symp 
and that Vo^comp is the Gelfand-Cetlin toric variety F/„(0) C P. Thus the above family 
{Vt,comp}t&[o,i] connects the flag manifold ¥comp with the Gelfand-Cetlin toric variety F/„(0). 

For any t G [0, 1], fix a path 7f : [0, 1] — )• C^~^, which is given by straight lines connecting 
the points: 

7^(0) = (1, . . . , 1) ^ (1, . . . , l,t) ^ (1, . . . , l,t,t) ^ • • • ^ (t, . . . ,t) = 7t(l). 

Recall that we constructed a family of varieties {FZ„(t) = M„(C)//^i?} for r G (C^)""^ 
in Subsection 13.21 and that we also constructed a degeneration in stages by extending the 
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family. The path 7^ is an approximation to the path 70 for the degeneration in stages. 
Note that F/„(7t(l)) = {Vt,comp, Jvt) for t £ [0,1]. Due to Propositions and the 
gradient-Hamiltonian flow along the path for t £ (0,1] gives a symplectic diffeomorphism 
and its lift as in the following diagram: 



(t¥ 7,F x7^\ 



We can also extend : F 



^ y^sympi ) ^ 



Vt^ 



I 
{Vt 



(7.2) 



symp Vt,symp in (|7.2|) to the case t = if we restrict its 
of F, 



domain to an open dense subset F°j^^p of F^^mp- It is already given by (|3.2p . Using the 
notation in this section, it should be written as "^o : V°y^p - 
to the prequantum line bundle. Thus we have the following: 



^o°sj/mp- We also have its lift 



(F° 



sympi rsymp 



sympi 



0,symp 



(7.3) 



,sympi 



7.2 Construction of a family of complex structures 

On (P,wp, Jp), a (i dimiK P)-dimensional torus Tp acts with an open dense orbit. On the 
Gelfand-Cetlin toric variety -FZ„(0) = Vo^comp C P, a (^ dimK F)-dimensional torus Tqc acts 
with an open dense subset, as explained in Subsection 13.21 There is an injective homomor- 



phism LGc ■ Tqc — ^ such that the embedding po. 



comp ■ ^O,comp 



^comp is equi variant. It 



is described explicitly in Section 6 in [NNUj . Let : tj — t^^ be the dual map of the in- 
clusion of the Lie algebras lgc ■ ^GC tp- From the description of the map lgc '■ Tqc — ^ ^P 
given in |NNU| we see that '-gc((^p)z) = i^Gc) 



and set u = v o tj, 



GC 



HI 



Fix a strictly convex function v_ : \^qq - 
the diffeomorphism Xs ■ (Fsymp, wp) (Fcomp, Jw) defined by gs = go + si^ £ SP{A 
to Propositions 16. l l and 16. 3| we have the following commutative diagrams: 



Let us consider 
Due 



t Pt,s 
(Vt ,sympi Pt O^P) 



J- compy '^ir, 
"t Pt,comp 



(Vt 



t ,compt 



(Tf /,P Xjl 

y-^sympi "' ' ^ 

tPt.s 



"^Vt ) {-^Yymp ) ' ^ 



7Vt\ ^ (iVt Q 



y^compi ^ J 
T Pt,comp 

compi ' 



(7.4) 



where x^ g 



Xo\vt,symv and x^^g = XoIlJ;^^^^- Note that p*t^^ujf> = p^qUJp £ ^^(Vt^symp)- 
In the case (t,s) = (1,0) the diagrams (j7.4p are the same as the diagrams (|7.ip . In the 
case t = the diagrams (17. 4p describe the deformation of toric Kahler structures of the 
Gelfand-Cetlin toric variety Vo^comp- The defining equation of the image of the embedding 
Po,comp- yo,comp " ^ ^comp is given by the equations (7) in jNNUj. From this description 
we see that the image po,comp{yo,comp) contains the point (1, . . . , 1) G P in the notation in 
Proposition 16.51 So Proposition 16.61 can be applied to our case. Therefore the holomorphic 
sections on Vo^comp converge to delta-function sections supported on Bohr-Sommerfeld fibers 
as s goes to infinity. Therefore the holomorphic sections on Vt^comp are close to delta- function 
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sections when t and s go to zero and infinity, respectively, at the same time. So we make 
t a function of s as follows: Let t: [0, oo) — t- M be a monotone decreasing C°°-function 
with t{0) = 1 and lims^ooi('S) = 0. (In fact, t(s) should be required to satisfy additional 
conditions, which will be discussed in Lemma 17.51 below.) 

We define a complex structure Js on {^symp, plymp^V') as the pull back of Jvti^s) 
following composition of diffeomorphisms, which appeared in the diagrams (|7.2p and ()7.4p : 

{^symp, P*symp^p) ~^ i^t ,comp: JVt)- 

Namely, a family of complex structures {Js} s<^[o,oo) on {¥ symp-, P*symp^'^) is defined by 

•^^ = (^tW,.°^*Wr'^V',(„. (7.5) 

Then (1) and (2) of Theorem 12 . 1 1 follow from the construction of {«/s}sg[o,oo)- By Proposition 
0(2), {Vt^symp, P*tfi^v,}C^^^Jvt) is a Kahler manifold. Moreover, {yt{s),symp, p\s)fl^^^]Ct{s),s'^^t(s)'' 
is isomorphic to {¥ symp-, P*symp^'^-> ^s) as a Kahler manifold. So Theorem 12.11 (3) follows as 
well. Thus, for any s G [0,oo), Jg induces the holomorphic structure of the Hermitian 
line bundle (Lf^^^p, , V^). Note that the map X^^^^^ ° ^t(s) ■ {L%mp:d'') {Lcomp,d^"-''^) 
is an isomorphism of holomorphic line bundles. 

To prove Theorem 12. II (4). we have to construct a basis {a^ \ m £ Aqc H {iGc)z} 
space of holomorphic sections H^{LFgy^p,d ). Recall that the Gelfand-Cetlin polytope A^c 
is considered as a subset of {*q(j as explained in Subsection 13.21 Since i*Gcii^^)i) ~ (tGc)J, 
for each m G ^gc H (tcc)^' *^an choose fh E Ap n (tp)^ such that i*{m) = m. Let 
o"™ be the holomorphic section of {L^^p,d ) defined by (j5.5p . Then {(/Jo,comp)*Cm I S 
Agc n (tGc)J} is a basis of the space of holomorphic sections H^{L^^^p,d^'^). So there 
exists So > such that, for any s > sq, {{pt{s),comp)*'^^ I ^ Agc" H (tGc)|} turns out to 
be a basis of the space of holomorphic sections H^{lXomp, 9^*'°'). So we define, for s > sq, 

= , o *t(s))*((A(s),comp)V'^) for m G Agc H (tGc)J. (7.6) 



Since all {Vt(s),comp^ JVt(s)) ^^"^ (-^comp, 5^*'°'') are isomorphic for s > as complex 
manifolds and holomorphic line bundles respectively, we can extend a basis {o"^ | m S 
Agc n (tGG)^} °f t'^^ space of holomorphic sections H^{L^y^p, d ) for all s G [0, sq], which 
depends continuously on s. Thus we have defined the basis {cr™ | m G Agg H (tGG)J} of 
the space of holomorphic sections H^{L^yj^p,d ) for all s > 0. 



7.3 Another gradient-Hamiltonian flow 

To prove that the holomorphic sections defined by ()7.6p converge to delta-function sections, 
we introduce another gradient-Hamiltonian fiow. 

Let us consider the family of varieties / : (M„ (C) xC)//B — t- C constructed in Subsection 
13.11 Put the standard Kahler metric on C. Consider the map F: (M„(C) x C)//B — t- 
^symp X C given by F{x) = {ptfi{x),t) if x G Vt^symp = f~^{t)- We put the Kahler metric 
on the smooth part of (M„(C) x C)//B by pulling back the metric on Wgymp x C by the 
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map F. Consider the gradient-Hamiltonian flow along the straight-line path from 1 to 
in C. Since Vt.symp are smooth manifolds for all t £ (0,1], by Lemma l4.ll the vector field 
and thus the flow are defined on all of Vt^symp for each t G (0, 1], and also on V^ ^y^p, where 
^o,symp is the same as in ()7.3p . Let V°^gy^.p C Vt,symp denote the image of ^0°^^^^, under 
the reverse flow. Then, due to Propositions 14.21 and 14.31 we have the following symplectic 
diffeomorphism and its lift defined by the gradient-Hamiltonian flow for t G [0, 1]: 

,sympi 

Let ^iTv '■ ^symp — ^ tp be the moment map for the Tp-action on (Psympj^^p)- Set fJ-Toc ~ 
''he ° PTv '■ ^symp " ^ ^hc' Open set B C IntAGc* such that IntA^c' H (tGc)z ^ ^ 

B c IntAcc- Set Uo = f^rlc^B) n Vb ,symp ^Oysymp- Here we are considering Vq 

,symp as a 

subset oiFsymp by the embedding po,o- Moreover, we set Ut = ^^^{Uq) and = Vt^symp\Ut- 
We denote the closure of Ut in Vt^symp by Ut- Note that Ut and U^ are compact. 
Let c?p( , ) be the distance on P. Then we have the following. 

Lemma 7.1. For an arbitrary e > 0, there exists ti > such that df{ptfi{x),pQfl{(^t{x))) < 
e for any < t < ti and x £ Ut C Vt^symp- 

Proof. Fix an arbitrary small t'l > 0. Then Ut consists of regular points of /: (-M„(C) x 
C)//B — )• C for any < t < t'l and IJo<t<t compact. As noted in Lemma [4.11 

|grad(5ft/)| is non-zero at regular points of /. Therefore there exists a c > such that 
|grad(3?/)| > c on Ut, for every t G [0,t'i]. Thus the gradient-Hamiltonian vector field Z 
satisfies \Z\ < ^ on Ut for t G [0, i'^]. Since $j is the flow of Z over a "time" t, we finish the 
proof. □ 

Similarly we have the following. 

Lemma 7.2. For an arbitrary e > 0, there exists t2 > such that dp{pifi{'^^^ (x)) , /9i^o(^o ^° 
^t{x))) < e for alio <t < t2 and x eUl C Vt^symp, where ^t is the map in <\ 7.2^ or l\7.3\) . 

Proof. This follows from "smoothness in initial conditions" results in the theory of differ- 
ential equations. Because the path ^yt is close to the path 70 considered in Subsection 17.11 
for small t > 0, the resulting diffeomorphisms ^t and ^0 are very close. Combining with 
Lemma |7.H we finish the proof. □ 

7.4 Convergence to delta-function sections 

For an m G IntAcc H {iGc)z '^^ have chosen m G Ap n (tp)^ such that i*(m) = m and 
defined the holomorphic section a™ by (|7.6|) . From now on we prove that, if we choose t{s) 
appropriately for s > 0, the section n — ^ for converges to a delta- function section 

supported on the Bohr-Sommerfeld fiber /ig^(m) as s goes to infinity. Set, for < t < 1, 
s » 0, 



IIAj ^VrfjCOmp*^ )\\L'-(Vt,symp) 
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Since 



t g XHtjComp" 



\x*{p-. 



we have ^l^.^r^^,^^. 



where t{s) will be defined in Lemma 17.51 below. 



For a section (j) G r((L^y^p)*), we denote the push-forward of (p with respect to the map 

symp* for t > or a section of {L^^rnpT 
for t = 0. In what follows, we omit the 



by which is a section of the line bundle (L^* 

restricted to some open dense subset of Vo^gymp 
notation for the volume form when integrating on F, 
the maps and First we have the following: 



symp or Vt,sympj 



since it is preserved by 



Lemma 7.3. (1) For m G IntAcc", (m) n Vo^symp is a Bohr-Sommerfeld fiber for 

{LY°mp,h^^^^°) if and only if m e {iGc)t 

(2) For m G IntAccTl (1(^(7)2; ^here exist a covariantly constant section bm o/(L^„p, /i^", V^")]^-! (m)nVb 

and a measure d9m on /u^^^(m,)nVb,sj/mp which satisfy the following: for any (p G T{{L^yj^p)*), 
there exists Ci(s, </>) > for s > 0, such that lims_i.oo Ci{s, </>) = and 



(^0*0, To"!,) 



(7.7) 



Proof. (1) follows from Proposition 16.61 (2) . 

(2) follows from Proposition [621 (4). Since the number of points in IntAcc'n (tGc)J is finite, 
we can choose Ci(s, (j)) independently of m G IntAcc n {iGc)z- '-' 

We take Ut C Vt symp as in Subsection 17.31 Then we have the following. 
Lemma 7.4. For each section (j) G r{{L^ )*), the following holds. 



*^m\ 
s) 



{^Q^(i),5m) d9n 



< Ci{s,(P)+Y0\{¥syrnp)\mc^^(^Wsyr.,){\Ks\\c^m + Wt^^sWc^Wi)) 

+ Vol(F„)||,/.||cO(F,,„^)||Tt';: -3':To"Jbo([/,) + \\^u(l)-^^oMc^(Ut)- 

Proof. Fix arbitrary (j) G T{{LFgy^p)*). Then we have: 



(7.8) 



< 



Vt,. 

f 

symp 

+ 



{^0*(t>,dm) d9„ 



Vq,s 



m \ 
si 



(§o*<?!',5m) dOr, 
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The second term on the right hand side of ([7? 
the first term on the right hand side of Hfl.8 



is estimated by (j7.7|) . Next we estimate 



JVt. symp 



(7.9) 



t,sl 



< 



< 



symp symp 

(§t,0,r-)-(|.:§o*</','^t*T^ 



Ut 



0,s/ 



+ 



+ yoi{¥symp)\mc'^iWsy^,){\Ks\\c<^{un + IM^S^sWc^iun)- 

Finally we estimate the first term on the right hand side of ()7.9p . If we note that 
^ \^t*(l>\ < voliUt)\\^t*Hco{Ut) < vol(F„)||0||co(F,,„^), 



Ut 



si 



Uo 



-7-"' < 



,comp )\\L'^{Vo, symp ) 



< 1, 



then we have 



JUt 



(7.10) 



< 



Ut 



+ 



<\Ks-^*tTS:,\\coiUt) \^t.4>\ + \\^t*<p-'^*t^o*<P\\c»(Ut) I'^^o" 

JUt JUt 



symp^ 



+ \\'^t*(. 



^t^o*0||co(c/o- 



By dZS]), dZZl), dZSI) and ([71^ we finish the proof of Lemma El 



□ 



Next we introduce a function t: [0,oo) — )• M so that the holomorphic sections o"^ con- 
verges to delta-function sections as s goes to infinity. 



Lemma 7.5. There exists a continuous decreasing function t: [0, oo) — )• M with t(0) = 1 
and lims_>ooi(s) = which satisfies the following: for any (j) E T{{L^y^p)*), there exists a 
constant C2{s, </>) > with lim^^oo ^2(5, </>) = such that 



,T,* 'm \ 



< C2is, 
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Proof. First we estimate the term ||^*7"osllco(C/('=) Lemma [7.4[ Due to Proposition 16.61 (3). 
there exists 6*3(5) > such that Hms_j.oo 6*3(5) = and, for any t > 0, 

\\^t^o!s\\a\u^) = \\tS^s\\co{us) ^ Csis). (7.11) 

Next we estimate other terms in Lemma 17.41 In Subsection 17.31 we fixed an open set 
B C IntAcc such that IntAcc n (tGc)z CB&ndBc IntAcc- We set Uo = ^J'TGc^^'> ^ 
Voysymp C V^gy^p and Ut = ^'i~^{Uo). Now we also take an open set Bi C IntAGc* such 
that IntAGc H {tGc)z -^1 ^1 ^- Then, due to Proposition 16.61 (3), there exists 
64(5) > such that hm^-^oo 64(5) = and, for any s > and m G IntAcc H (tGc)z' 

h\ra^\v ' linn/ :^^coiF^y^,\^.-^ (B^)) < C^is). (7.12) 

II As" \yo,symp\\L'-(Vo,3ymp) '^^ 

Since /9o,s = Pofi'- Vo^sump — ^ I'^sj/mp for s > by Proposition 16.51 (2) . we have 
Note that 

\^^\\^t,s'^Plcomp(^"')\\LHVt,symp) = JPo,COmp(^'^)\\ (Vq ,syn^p) ^ 0' 

Since f/f is compact, for each n = 1,2, ... , there exists t„ G (0, 1] which is independent of 
(j) and satisfies the fohowing (|7.13p holds for each s £ [n, n + 1] and t £ [0, 

C P„ \ f^rL^B,), -— — > -. (7.13) 

\\Ko,s^PO,COmp^ )\\L^iVo,syn,p) ^ 

By (j7.12p and (|7.13p we have, for each s G [n, n + 1] and t G [0, 

C^{s) > II „ , ^ llcoft/^) (7.14) 

/^l g\rt,comp^ I 
~ " llv* fn* ^m^lU, "llc°(C^f) 

,comp'-' )\\L''-{Vt, 

By (j7.13p and ()7.14p we have, for each s G [n, n + 1] and t G [0, 

lkMlb»{c/f)^ 264(5). (7.15) 

Moreover, due to Lemmas 17.11 and 17.21 taking smaller t„ > if necessary, we may also 
conclude that the following (|7.16p and (17.17P hold for each s G [n, n + 1] and t G [0, tn]; 

\Ks - ^^o"llbo(c/,) < for any m G IntA n {iGc)h (7-16) 

' n + 2 



- $:^o*</>lbo(c/0 < "^''ff'r^^ for any <A G r((Lf,^,)*). (7.17) 
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By Lemma [73] together with (|7.11|) . (|7.15p . (|7.16|) and (|7.17|) we have, for each section 

F ^ 
symp J 



e r((Lf )*), n = 1, 2, . . . , s G [n, n + 1] and t G [0, t„] 



symp 



<C1(S,0)+VO1(F„)||0||CO(F,,„^)(2C4(S) + C3(S)) 



+ vol(F„)||0|bo(,_^)^ + "'^"^^I'p^ 

We can take a continuous decreasing function t : [0, oo) — t- M with t{0) = 1 and Ums_j>oo ^(-5) 
such that i(n) < t„ for n >> 0. Thus we finish the proof of Lemma |7.5[ □ 

We use t{s) in Lemma [73] to define the complex structure Jg by (|7.5p and the holomor- 

~ ^m 

phic section a'^ by (|7.6p . If we recall ^^(s)'^^^^) ^ = — ~ 5 then we have 

\ ) \ /' II sill,! (Fsymp) 

lim / ( II ^11^' )= /_ {^o*(l),6m)d9m. 

Due to Coroharv 13. 3|, if we define a covariantly constant section 6^ of {L^ , hF ^V^)]^-! 

by pulhng 6m on fi^^^{m) D Vo^symp back by then we have the desired convergence in 
Theorem [13] (4). 
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